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\S 1. $R$ (real closed $\mathrm{f}$ ield $\rangle$ , $\chi=$
$(X_{1}, \ldots, \mathrm{x}_{n})$ $R$ . , $f(\mathrm{X})$ $\in R[\mathrm{X}]$
relation
$f(\mathrm{X}_{1}, \mathrm{x}_{2}, \ldots, \mathrm{x}_{n})$ $>$ $0$
v, $\Lambda$ , $\sim(n\mathrm{o}t)$ $(\mathrm{o}\mathrm{f}$
degree $n$ over $R$ ) $A(X)$ . $A(X)$
$S\equiv$ { $x$ $\in R^{n}|$ $A(x)$ $(\mathrm{i}\mathrm{s}$ $\mathrm{t}$ rue)}
$R^{n}$ semi-al $ge$ braic subse $t$ $(= s. a. s. )$ . $R^{n}$
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$\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ .
SA $(R^{n}\rangle$
$V(f)$ $\equiv$ $\{x\in R^{n}| f(x) > 0\}$ $(f(\mathrm{X}) \in R[X_{1}, \ldots, x_{n}])$
$\Re(R^{n})$ $=$
$2^{(R^{n})}$
$\Gamma$ Bo $o1$ ( $i$ . $e$ . closed under $finite$ $\uparrow\dagger \mathrm{U}^{\mathrm{t}}’$ ,
$\uparrow\dagger\cap’\uparrow$ and $\dagger’ \mathrm{C}$ ( $=$ complement)” ) .




(1. 1) $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[f_{i^{(x_{1}}}$ , . . . , $x_{n})]$ $=$ $\lambda_{i}$
. $S\equiv$ $\{x \in R^{n}| \forall i (\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[f\dot{\mathrm{t}}(x)] = \lambda_{i})\}$
1 $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . . $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . $S$ $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . .
$S$ (1. 1) $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . $S$ . –
$\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . $S$ $\in$ SA $(R^{n})$ $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . .
, $\text{ _{}\mathrm{T}\mathrm{a}}\mathrm{r}\mathrm{s}\mathrm{k}\mathrm{i}$ :
THEOREM 1.A.
$\pi$ : $R^{n+1}$ $arrow R^{n}$ ; $J\mathrm{I}(_{X}, y)$ $=$ $y$ , $(x\in R^{n}, y \in R)$
,
$S$ $\in$ SA $(R^{n+1})$ $\Rightarrow$ $\pi(S)$ $\in$ SA $(R^{n})$ .
\S 2. ( ) $s_{1}$ , $s_{2}$ $\subset R^{n}$ ,




$f_{i},(X;Y)$ $\in R[X, \ldots, X_{n} ; Y]$ , $\lambda_{i}$ $\in$ $\{-1,0, +1\}$
$i$ $=$ 1, 2, $\ldots,$ $m$
. $x$ $\in$ $R^{n}$
(2.1) $x\in$ $\pi(s)$




$\mathrm{f}$ ix . $f_{i}(x;Y)$ $=$ $0$ $(i = 1, \ldots, m)$ $R$
–
$\xi_{1}(_{X)}$ $<$ $\xi_{2}(_{X)}$
$<$ . . . $<$ $\xi_{N}(x)$ , $N$ $=$ $N(x)$
. real closed $\mathrm{f}$ ield $\text{ }$
, $f_{\dot{v}}(x;Y)$ ,
$U_{k}(x)$ $=$ $(\xi(x)k’\xi_{k+1^{()}}x)$ , $(0 \leqq k \leqq N+1)$





$\delta_{ik}(x)$ $\equiv$ $\mathrm{s}$ ignf $i^{(X}$ ; $\eta_{k}(x)\rangle$
1 $\leqq$ $i$ $\leqq m$ , 1 $\leqq$ $j$ $\leqq N$ , $0$ $\leqq$ $k$ $\leqq N$
$\eta_{k}(x)$ $=$
, (2. 1)
(2. 2) $(\exists j s. t. \forall i (\epsilon_{ij}(x) = \lambda_{i}))$
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$\mathrm{O}’\Gamma$ $(\exists k s. t. \forall i (\delta_{\dot{\tau}k}(x) = \lambda_{i}))$




$\epsilon_{ij}^{-1}(\lambda_{i})$ $=$ $\{x\in R^{n}| \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[f_{i}(x;\xi_{j}(x))] = \lambda_{i}\}$ ,
$\delta_{ik}^{-1}(\lambda_{i})$ $=$ $\{x\in R^{n}| \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[f_{i}(x;\eta j(x))] = \lambda_{i}\}$
$R^{n}$ semi-algebraic subsets .
\S 3. Semi-effect ive Functions THEOREM 2.A
:
DEFINITION 3. 1. $\Theta$ : $R^{n}arrow R$ $\forall$ $S\in$ SA $(R)$
$\Theta^{-1_{(S)}}$
$\in$ SA $(R^{n})$
. $\Theta$ semi-e $ffe\mathrm{c}tive$ .
EXAMPLE 3.1.
$\pi_{\mathrm{t}}$ : $R^{n}arrow R$ , $\pi_{\mathrm{t}}(x_{1}, \ldots, x_{n})$ $=$ $x_{\mathrm{t}}$ , $(1 \leqq l\leqq n)$
semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive .
LEMMA 3. 1. semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive funct $\mathrm{i}$ on $\Theta$ : $R^{n}arrow R$ ,
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$\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}\circ\Theta$ : $R^{n}arrow R$
semi-e $\mathrm{f}$ fective .
, THEOREM 2.A :
THEOREM 3. A. $f_{i}(_{X;}\xi_{j}(x))$ , $f_{i^{(X;}j^{()}}\mathrm{Q}x)$ $(x\in R^{n})$
semi-effective functions .
THEOREM 3. A $f_{i}(_{X;}\xi_{j^{(X}}))$ , $f_{i}(x;\eta(x)k)$
$\pi$ $f_{i}(x;Y)$ $=$ $0$ $\xi_{j}(x)$ $(x\in R^{n})$
. , 2 , THEOREM 3. A
:
CONJECTURE 3. B. semi-effective functions
$\Theta_{i\prime}$ : $R^{n}arrow R$ $(i = 1, \ldots, m)$
$g(Z_{1}, \ldots, z_{m})$ $\in R[Z_{1}, \ldots, z_{m}]$ ,
$g(\Theta_{1}, \ldots, \Theta_{m})$ : $R^{n}arrow R$
semi-effective .
CONJECTURE 3. C. $f(X;Y)$ $\in R[X_{1}, \ldots, X_{n} ; Y]$
, $\xi(x)$ $f(x;Y)$ $=$ $0$ , $(x \in R^{n})$ 1 .
$\xi$ : $R^{n}arrow R$ semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive .
[ ] $\xi(x)$ , (
) . THEOREM 4. 8 statement
.
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\S 4. Effect ive Functions CONJECTURE 3. $\mathrm{B}$ 3. $\mathrm{C}$
,
$\dagger$ ’semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}^{\uparrow}$ ’ ( ) (DEF. 3.
1) :
DEFINITION 4. 1. $\Theta$ : $Darrow R^{m}$ $(D\subset R^{n})$ . $o\sim$
semi-ef$fe\mathrm{c}tive$
$S$ $\in$ SA $(R^{m})$ $\Rightarrow$ $\Theta^{-1}(S)$ $\in$ SA $(R^{n})$ .
$D$ $=$ $\mathit{0}^{-1}-(R^{m})$ ( $R^{m}\in$ SA $(R^{m})$ ) , semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive maP
$\Theta$ $D$ $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . : $D\in$ SA $(R^{n})$ .
DEFINITION 4. 2. $o\sim$ : $Darrow R^{m}$ $(D\subset R^{n})$ .
$\mathrm{t}$
$\in \mathrm{N}_{0}$
$=$ $\{0,1,2, \ldots\}$ ,
$\Theta\cross 1_{\mathrm{t}}$ : $R^{\mathrm{t}}\cross Darrow R^{l}\mathrm{X}R^{m}$
semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive (DEF. 4. 1 $\rangle$ ( 1
$R^{\mathrm{t}}$ )
$\Theta$ effec $tive$ (or $unive\mathcal{T}Sa\iota\iota_{y}$ semi-ef $fe\mathrm{c}tive$ ) .
[ ] DEF. 4. 2 [C] $(p$ . 132 $)$
( ’ $|\mathrm{e}\mathrm{f}$ fect $\mathrm{i}\mathrm{v}\mathrm{e}^{\uparrow}$ ’ ) . ( ,
$\Gamma$ Tarski (THEOREM 1.A) ) $o\sim$
\dagger \dagger
$\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}’ 1$ , $\Theta$ $\Gamma(\mathit{0}\sim)$ $\subset D\mathrm{x}R^{m}$ $\mathrm{s}\cdot \mathrm{a}\cdot \mathrm{s}$ .
( $i$ . $e$ . $\Theta \mathrm{i}\mathrm{s}$ a $s$ emi-al $gebrai\mathrm{c}$ map)
(COROLLARY 7.1 $\rangle$ .
$\Theta$ $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive $o\sim$ semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive
$(\mathrm{t} = 0)$ . CONJECTURE 3. $\mathrm{B}$ , 3. $\mathrm{C}$ ,
” semi-e $\mathrm{f}$ fect $\mathrm{i}\mathrm{v}\mathrm{e}^{\mathrm{t}\dagger}$ $\uparrow\dagger \mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}’\dagger$
, .
CONJECTURE 3. $\mathrm{B}$ THEOREM 4. 7
. CONJECTURE 3. $\mathrm{C}$ statement THEOREM 4. 8
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. (\S 8).
LEMMA 4. 1. $R^{n}$ S. $\mathrm{a}$ . S. $D$ , $o_{i}$ $\in$ SA $(R^{n})$ ( $=$ 1, $\circ\cdot,$ $s\rangle$
$s$
$D$ $=$
$i=1\mathrm{u}o_{i}$ $(D_{i^{\cap}}D_{j} = \Phi, i \neq j)$
( $i$ . $e$ . $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . Partit ion of $D$ ) . $\mathit{0}$’ : $Darrow R^{m}$
:
{ $\mathrm{A})$ $\Theta$ (semi-)e $\mathrm{f}$ fect $\mathrm{i}\mathrm{v}\mathrm{e}$ .
(B) $\mathit{0}_{i}\sim$ $=$ $\Theta|D_{i}$ $t\mathrm{h}$ (semi-) $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ive $(\forall i)$ .
[ ] LEMMA 4. 1 . $\Theta$
(semi-) $\mathrm{e}\mathrm{f}$ fective , $D$
$\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . Part ition $D$ $=$ $\mathrm{u}_{i^{D}i}$ $\mathit{0}_{\dot{f}}$ .
$\Gamma$ Tarski (THEOREM 1.A)
.
LEMMA 4. 2. (semi-)e $\mathrm{f}$ fective maps (semi-)
e $\mathrm{f}$ fective .
LEMMA 4.3. $\Theta$ : $Darrow R^{m}$ $(D\subset R^{n})$ ,
$f_{0}(( X ) ’ f_{1}(( X )$ ’ . . . , $f_{m}(X )$ $\in R[\mathrm{X}_{1}, \ldots, x_{n}]$
$f_{0^{(_{X)}}}$ $\neq$ $0$ , $\forall$ $x$ $\in D$ ,
$\mathit{0}\sim(X)$ $= \mathrm{t}\frac{f_{1}(x)}{f_{0^{(X)}}},$ $\ldots,$
$\frac{d_{m^{(x)}}}{f_{0^{(_{X)}}}})$ $\in R^{m}$ , $\forall$ $x$ $\in D$ ,
$\Theta$ e $\mathrm{f}$ fective .
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LEMMA 4.4. (diagonal map)
$\Delta$ : $R^{n}arrow R^{n}\cross\cdots\cross R^{n}$ , $\Delta(x)$ $=$ $(x, \ldots, x)$ , $x$ $\in R^{n}$ ,
$\mathrm{e}\mathrm{f}$ fect $\mathrm{i}\mathrm{v}\mathrm{e}$ .
PROPOSITION 4.5. $\mathrm{e}\mathrm{f}$ fective maps $\Theta_{i}$ : $\mathit{0}_{i}$ $arrow Rm_{i}$ $(D_{i}$ $\subset Rn_{i}$
; $i$ $=$ $1,2$ )
$m+m$12$o\sim\equiv$
$\Theta 1^{\mathrm{X}\mathrm{e}}2$ : $D_{1}\cross D_{2}$ $arrow R$ ,
$\Theta(x_{1}, x_{2})$ $=$ $(\Theta 1^{(X}1),$ $\Theta(x\rangle 22\rangle$ , e $\mathrm{f}\mathrm{f}e\mathrm{c}\mathrm{t}$ ive .
$m+m$
Proof 1 $\cross\Theta$ $\cross\Theta$ : $R^{\mathrm{t}}\mathrm{x}D\mathrm{x}D$ $arrow R^{\mathrm{t}}\mathrm{x}R$
$1$ 2
$l$ 1 2 1 2
$R^{\mathrm{t}}\mathrm{X}D_{1^{\cross D}2}$
. $\Theta_{i}$ $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}$ive , $\mathrm{f}$actors
semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive (DEF. 4. 2). LEMMA 4. 2
$e_{1^{\mathrm{X}\Theta}2}$ e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ .
LEMMA 4. 6. $m$ $\mathrm{e}\mathrm{f}$ fective functions $\Theta_{i}$ : $Darrow R$ $(D\subset R^{n}$
; $i$ $=$ $1,$ $\ldots,$ $m$ ) ( )
$\Theta$ $\equiv$ $(\Theta 1 , \ldots, \Theta_{m})$ : $Darrow R^{m}$ ,
$\Theta(x)$ $=$ $(\Theta 1(x), \ldots, \Theta_{m}(x))$
$\in R^{m}$ , $(x\in D)$
$\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}$ ive .
Proo $\mathrm{f}$ $\Theta$




, : $\mathit{0}^{m}arrow R^{m}$
$i=1$
. LEMMA 4. 2, 4. 4, PROP. 4. 5 , $\Theta$
$\mathrm{e}\mathrm{f}$ fective .
CONJECTURE 3. $\mathrm{B}$ :
THEOREM 4. 7. $\Theta$ $\equiv$ $(\Theta 1 , \ldots, \Theta_{m})$ : $Darrow R^{m}$ LEMMA 4. 6
$\mathrm{e}\mathrm{f}$ fective map . $\mathrm{e}\mathrm{f}$ fective function
$\varphi$ : $Earrow$ $R$ , $\Theta(D)$ $\subset E\subset R^{m}$ , ,
$\xi$ $=$ $\varphi(\Theta 1 , \ldots, \Theta_{m})$ : $Darrow R$
$\mathrm{e}\mathrm{f}$ fective . , $g(Z_{1}, \ldots, z_{m})$ $\in$
$R[Z_{1}, \ldots, z_{m}]$ , $g(\Theta_{1}, \ldots, e_{m})$ $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ive .
Proof LEMMA 4. 2, 4. 6 .
[ ] THEOREM 4. 7 [B] Lemma A. 4 (P. 269)
.
CONJECTURE 3. $\mathrm{C}$ statement .
\S \S :
THEOREM 4. 8. $f(\mathrm{X};T)$ $\in R[x_{1}, ’ \mathrm{X}_{m} ; T]$ ,
$n=$ $\mathrm{d}\mathrm{e}\mathrm{g}_{T}[f(X;T)]$ , , $(n+1)$ $\mathrm{e}\mathrm{f}$ fective functions
:
$\xi_{i}$
, : $R^{m}arrow R$ $(1 \leqq i \leqq n)$ ,
$N$ : $R^{m}arrow$ $\{0,1,2, \ldots, n\}$ $\subset R$
, , $x$ $\in$ $R^{n}$
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$\xi_{1}(_{X)}$ $<$ $\xi_{2}(_{X)}$ $<$ $<$ $\xi_{N(x)}(x)$
$f(X;T)$ $=$ $0$ $R$ .
DEFINITION 4. 3. $\xi_{1}$ $<$ $\xi_{2}$ $<$ $<$ $\xi_{n}$ $f(X;T)$ $=$ $0$
(the root func $tions$ ), $N$ (the $numbe\tau$ func-
$t$ ion of $rootS$ ) .
[ ] THEOREM 4. 7 , THEOREM 4. 8
$f(X;T)$
$p_{n}$ $( X; T)$ $\equiv x_{0}\tau^{n}+X\tau^{n-1}+\cdots+X_{n}$
( $cf$ . DEF. 7. 1).
EXAMPLES 4. 1 $n=0$ : $p_{0}(X;\tau)$ $\equiv x_{0}$ . root
function ( $0$ ) . $N(x)$ $=0$ $(\forall x\in R)$
.
$n=$ $1$ : $p_{1}(\mathrm{X};T)$ $=\mathrm{x}_{0^{T+}}x_{1}$ .
$\xi(_{X},$$x101\rangle$ $=$
$N(x_{0}, x_{1})$ $=$
\S 5. Effect ive Functions
:
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LEMMA 5.1. $\Theta$ : $Darrow R$ $(D\subset R^{n})$ $\{t_{1} , ’ t_{s}\}$
. :
(A) $\Theta$ effective.
(B) $\Theta$ semi-e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{e}$ .
(C) $D_{i}$ $=$ $\Theta^{-1}(ti)$ $\in$ SA $(R^{n})$ , $i$ $=$ 1, $\ldots,$ $s$ .




. $(1_{\mathrm{t}}\cross\Theta\rangle^{-1_{(}}S)$ $=$ $\mathrm{U}sS(t_{\mathrm{a}}., \rangle\cross \mathrm{e}^{-1}(t_{i})$ .
$i=1$
$(1_{\mathrm{t}}\cross\Theta)^{-1_{(S)}}$ $\in$ SA $(R\cross R)\iota n$
$=$ $S(ti\rangle$ $\mathrm{X}\Theta^{-1}(ti)$ $\in$ SA $(R^{l}\cross R^{n})$ $(\forall i)$
$\Leftarrow\geq$ $\Theta^{-1_{(}}ti)$ $\in$ SA $(R^{n})$ $(\forall i)$
, LEMMA 5. 1 ( )
$s$
LEMMA 5. 2. $D$ $=$ $i=1\mathrm{U}D_{i}$ ( $D_{i}$ $\in$ SA $(R^{n})$ ) $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}D\in$ SA $(R^{n})$
$\mathrm{f}$ inite $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . part ition (cf. LEMMA 4. 1). , $\mathit{0}_{i}$
$\Theta$ : $Darrow R$ e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive .
\S 6.






$<$ . . . $<$ $t_{M}$
$I_{i}\equiv$ $(t_{i}, t_{i+1})$ $(0\leqq i\leqq M; t_{0} =-\infty, \iota_{M+1} =+\infty)$
$p(T)$ $\in R[T]$ . , $p(T)$ $I_{i}$
$\underline{\mathrm{a}^{-}\overline{-}_{l}\mathrm{m}}$ ( / ) , $\{t<t12<\cdots<t_{M}\}$ $p(T)$ 1
$(\mathrm{a}g\tau aph\mathrm{o}\mathrm{f} P(T))$ .
$p(T)$ 1 $p(T)$ 1
.
LEMMA 6.1. $p(T)$ $\in R[T]$ , $\{t_{1}<t_{2}<\cdots<t_{M}\}$
$\frac{d}{dT}p(T)$ $\equiv p’(T)$ $=0$ $R$ , $p(T)$
1 .
DEFINITION 6.2. $\{t_{1}<t_{2}<\cdots<t_{M}\}$ $p(T)$ $\in R[T]$ 1
(DEF. 6.1) . ,
$[\epsilon_{0}, \epsilon_{1}, \ldots., \epsilon_{k}, \epsilon_{k+1}]$ $\in$ $\{-1,0, +1\}^{k+2}$
$\epsilon_{i}$ $=\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[p\mathrm{t}t_{i})]$ , $i$ $=0,1,$ $\ldots,$ $M,$ $M+1$
$\{t_{1}<t_{2}<\cdots<t_{M}\}$ (the $dat$ aof graPh) .
LEMMA 6.2. $p(T\rangle$ $=0$ $R$ ( )
. ,
(A) $\epsilon_{i}$ $=0$ , $t_{i}$ $p(T)$ $=0$ 1 .
$\langle$ $\mathrm{B})$
$(\epsilon_{i}, \epsilon_{i+1})$ $=$ $(-1, +1)$ or $(+1, -1)$ , $p(T)$ $=0$
$I_{i}$ 1 .
(C) $p(T)$ $=$ $0$ .
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LEMMA 6.3. $f(X;T)$ $\in R[X_{1}, \ldots, \mathrm{X}_{m} ; T]$
$\text{ }\cdot \mathrm{e}\mathrm{f}$ fective functions $\tau_{i}$ : $R^{m}arrow R$ , $\tau_{1}$ $<\tau_{2}<$ . . . $<\tau_{M}$ ,
, $x\in R^{m}$
$\tau_{1}(_{X)}$ $<\tau_{2}(x)$ $<$ . . . $<\tau_{M^{()}}x$
$f(x;T)$ , $f$
.
$(x;T)$ $=$ $0$ $R$
$N(x)$ $N$ : $R^{m}arrow R$ $\mathrm{e}\mathrm{f}$ fective .
Proof $\epsilon_{i}(x)$ $=$ $\mathrm{s}$ $\mathrm{i}$ $\mathrm{g}\mathrm{n}$ $[f(x;\tau_{i}(x)]$ . THEOREM 4. 7
$\mathrm{e}\mathrm{f}$ fective . - $f(x;T)$ $=0$ $N(x)$ LEMMA
6.2
$N(x)$ $=\#\{i| \epsilon_{i}(x) =0\}$ $+\#\{i| \epsilon_{i}(x)-\epsilon(X)i+1 =\pm 2\}$
. $N_{0}\in \mathrm{N}_{0}$
$D(N_{0})$ $\equiv\{X\in R^{m}| N(x) =N_{0}\}\in$ SA $(R^{m})$
. LEMMA 5. 2 $N$ $\mathrm{e}\mathrm{f}\mathrm{f}$ective .
LEMMA 6.4 . $\{t_{1}<t_{2}<\cdot\cdot\cdot<t_{M}\}$ $p(T)$ $\in R[T]$ 1
(DEFF. 6.1), $\{\xi<\xi\cdots<\xi\}12^{<}m$ $p(T)$ $=0$
. , $i$ $(0\leqq i\leqq M)$ $k$ $\xi_{k}$
. (1) $\iota_{i}$ $<\xi_{k}<$ $t_{i+1}$
(2) $\xi_{k}$ $=$ $t_{i}$
”
$\mathrm{e}\mathrm{f}$ fect $\mathrm{i}\mathrm{v}e$ ” .
\S 7. THEOREM 4. 8 $=$ CONJECTURE 3. $\mathrm{C}$
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:DEFINITION 7. 1. $n\in \mathrm{N}_{0}$
$p_{n}(C;T)$ $\equiv c_{\mathrm{o}}\tau^{n}+c1T^{n}-1+\cdots+C_{n}$
$gen\tau ic$ $pol$ ynomiat (of degree $n$ ) . $T$
$p_{n}’(C;T)$ $\equiv\frac{\partial}{\text{\^{o}} T}p_{n}(C;T)$ $=nc_{0}\tau^{n}-1+(n-1)C_{1}T+n^{-}1\ldots+C_{n}$
.
NOTATION 7. 1. $\Theta$ : $Darrow R$ $(D\subset R^{n})$ ,
$d\in \mathrm{N}$ , $\lambda\in$ $\{-1,0, +1\}$
$d+1$
$S(d;\Theta;\lambda)$ $\equiv\{(\mathrm{c}, x) \in R \cross D| \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[P_{d}(c;\Theta(x))] =\lambda\}$
.
PROP. 7. 1 \S 8 THEOREM 4. 8 (CONJECTURE 3. C) (7)
:
PROPOSITION 7. 1. $\Theta$ : $Darrow R$ $(D\subset R^{n})$ ,
:
(A) $\Theta$ effective.
(B) $S(d;\Theta;\lambda)$ $\in$ SA $(R^{d+1}\cross D)$ , ( $\forall d\in \mathrm{N}$ and $\forall\lambda\in$ $\{-1,0,$ $+1\}$ ).
Proof $(\mathrm{A})\Rightarrow(\mathrm{B})$ : $S=$ $\{(c, t) \in R \cross R| \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[p_{d}(c;t)] = \lambda\}$$d+1$
,
$S\in$ SA $(R^{d+1}\mathrm{x}R)$ ,
$S(d;\Theta;\lambda)$ $=$ $(1_{d+1}\cross\Theta)^{-1_{(S)}}$
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, $\Theta$ $\mathrm{e}\mathrm{f}$ fective $S(d;\Theta;\lambda)$ $\in$ SA $(R^{n})$ .
$(\mathrm{B})\Rightarrow(\mathrm{A})$ : $\Theta$ (B) , $(1_{\mathrm{t}}\mathrm{x}\Theta)$ :
$R^{7}’\cross Darrow R^{\mathrm{t}}\mathrm{x}R$ $(\mathrm{t} \in \mathrm{N}_{0})$ . $f(Z;Y)$ $\in R$ $[$
$z_{1},$ $\ldots,$ $Z_{l}Y]$ $\lambda\in\{-1,0, +1\}$
$F=$ $\{(z, y) \in R^{\mathrm{t}}\cross R|. \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[f(Z;y)] =\lambda\}$
. $\mathrm{s}$ . $\mathrm{a}\cdot \mathrm{s}$ . $S\in$ SA $(R^{\mathrm{t}}.\cross R)$ , $F$ $\text{ }$ Bool
. $\langle$ 1 $\iota^{\mathrm{x}\Theta})^{-1}$ ‘–) ,
$(1_{\mathrm{t}}\cross\Theta)^{-1}(S)$ $(1_{\mathrm{t}^{\cross}}\Theta)^{-1}(F)$ Bool . $\Theta$




$d-i$$f(Z;Y)$ $=$ $\sum c_{i}(Z)Y$ , $c_{;},$ $(Z)$ $\in R[Z]$
$i=0$
. ,
$\gamma$ : $R^{\mathrm{t}}arrow R^{d+1}$ , $\gamma(z)$ $=$ $(c_{0^{(_{Z)}}},$ $\ldots,$ $c_{d}(_{Z)})$
$F=$ $(\gamma\cross 1_{1})^{-1}[\{(c, t)| \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[p_{d}(c;t)] =\lambda\}]$ .
$R^{\mathrm{t}}\mathrm{x}DY\mathrm{X}1_{D}’\underline{\backslash }R^{d+1}\cross R$
1 $\iota^{\mathrm{x}\Theta}$ $\downarrow$ $\downarrow$ $1_{d+1}\cross\Theta$
$R^{\mathrm{t}}\mathrm{x}Rarrow\gamma\cross 1_{1}R^{d+1}\cross R$
$(1_{\mathrm{t}}\mathrm{x}\Theta)^{-1}(F\rangle$ $=$ $(r\cross 1_{D})^{-1}[S(d;\Theta;\lambda)]$ . $\gamma\cross 1_{D}$
$\mathrm{e}\mathrm{f}$ fect ive (LEMMA 4 $\cdot 3$ ). (B)
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$(\gamma.\cross 1_{D})^{-1}[S(d;\Theta;\lambda\rangle]$ $\in$ SA $(R^{\mathrm{t}}\cross D)$
.: $(1_{l}\cross\Theta)^{-1}(F)$ $\in$ SA $(R^{\mathrm{t}}\cross D)$
.
[ ] PROP. 7. 1 (B) $\Theta$ : $Darrow R(D\subset R^{n})$
[B] $p_{Semi-a}lgeb\tau aic$ ([B], Def. A. 3,
$p$ . 269). PROP. 7. 1 [C] Lemma 1.1 $(p. 133)$
. ( $?$ ) , .
\S 8 . THEOREM 4 $\cdot 8$ { $=$ CONJECTURE 3. C) THEOREM 4. 8
[ ] , $f(x;\tau\rangle$ $=p_{n}(\mathrm{X};\tau)$ . $n$
. $n=0$ , 1 EXAMPLES 4. 1 THEOREM 4. 8
. THEOREM 4. 8 $n-1$
.
[ ] $D=$ $\{x\in R^{n+1}| x_{0} = 0\}$ $(\equiv R^{n})$ $\in$ SA $(R^{n+1})$
$\mathrm{d}\mathrm{e}\mathrm{g}[p_{n}(x;T)]$ $\leqq n-1$ , $D$
$\mathrm{e}\mathrm{f}$ fective root functions .
$R_{0}^{n+1}$ $=\{x\in R^{n+1_{1}} x_{0}\neq 0\}$
, LEMMA 4. 1 $R_{0}^{n+1}$ ” $e\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}$ ive
root functions $’\uparrow$ $\xi_{i}$ : $R_{0}^{n+1}arrow R$ ’ $\dagger e\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ root
number function’\dagger $N$ : $R_{0}^{n+1}arrow R$ .
(I) [ $N$ : $R_{0}^{n+1}arrow R$ ] LEMMA 6.3
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. $p_{n}’(x;T)$ $=0$ root functions
$\tau_{1}$ $<\tau_{2}$
$<$ . . . $<\tau_{n-1}$
$(nx_{0}, (n-1)x_{1},$ $\ldots,$ $x_{n-1})$ $\in R_{0}^{n}$
$\mathrm{e}\mathrm{f}$ fective functions
. , $p_{n}(x;T\rangle$ $=0$ $N(x)$ , $(X\in$
$R_{0}^{n+1})$ LEMMA 6.3 $e\mathrm{f}$ fect $\mathrm{i}\mathrm{v}\mathrm{e}$ .
(II) [root functionS $\xi=\xi_{\mathrm{g}}$ effective ] $\xi$
PROP. 7 $\cdot 1$
(B) : $S(d;\xi;\lambda)$ $\in$ SA $(R^{d+1}\cross R_{0^{+1}}n)$ ,
$\}\forall d\in \mathrm{N}_{0}$ , $\forall\lambda\in$ $\{-1,0+1\}\rangle$
. $d\geqq n$ , $p_{d}(C;T)$ $p_{n}(X;\tau)$
$p_{d}(C;\tau)$ $=$ $q(C, \mathrm{X};T)p_{n}(\mathrm{X};\tau)+\tau(c,\mathrm{X};T)$
$q$ $(C, X ; T)$ , $\tau(C, X ; T)$ $\in R[C, X, \frac{1}{x_{0}} ; T]$ ,
de $\mathrm{g}_{T}[r(C, X;\tau)]$ $<n$ ,
.
$(*)$ $S(d;\xi;\lambda)$
$\equiv\{(\mathrm{c}, x) \in R^{d+1_{\mathrm{X}R^{n}}+1}. \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[r(c, x;\xi(X))] =\lambda\}$
$0$ ’
. , $r(c, x;\tau)$ $=0$ root functions
$\sigma_{11}$ $<\sigma 2$




$\mathrm{e}\mathrm{f}$ fective functions .
$\pi$ : $\mu 1$ $\leqq\mu 2$ $\leqq$ . . . $\leqq\mu M$ ’ $M=m+n-1$
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e $\mathrm{f}$ fective functions $\tau_{i}$ , $\sigma_{j}$ 1 (permitat ion type
$)$ , $\pi$ $R^{d+1}\cross R^{n}0^{+1}$
$E(\pi)$ $\equiv\{(c, x) \in R^{d+1}\cross R_{0}^{n+1}| \pi(c, x)\}$
$d+1$ $n+1$
$\mathrm{s}\cdot \mathrm{a}\cdot \mathrm{s}$ . . $\pi$ $R$ $\mathrm{x}R_{0}$
$\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}$te $\mathrm{s}$ . $\mathrm{a}$ . $\mathrm{s}$ . part $\mathrm{i}\mathrm{t}$ ion
$R^{d+1}\cross R^{n}0^{+1}$ $=$ $\mathrm{u}_{\pi^{E(\pi)}}$
. LEMMA 4. 1 $\xi$ $E(\pi)$ $\mathrm{e}\mathrm{f}$ fect ive
.
$(c, x)$ $\in E(\pi)$ , $\pi(\mathrm{c}, x)$ $p_{n}(X;\tau)$ 1
(LEMMA 6.1). $i$ $(0\leqq i\leqq M)$ $u_{0}=-\infty$ , $u_{M+1}$
$=+\infty$ , $p_{n}(x;T)$ $=0$ $k$ $\xi(x)$ $=\xi_{k}(x)$
$u_{\mathrm{i}}(c, X)$ $<\xi(x)$ $<u_{i+1}(\mathrm{c}, x)$ ,
$o\tau$ $\xi(x)$ $=u_{i}(c, X)$
$d+1$ $n+1$
$\uparrow\dagger \mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{v}e^{\dagger}\mathrm{t}$ (LEMMA 6.4). $R$ $\mathrm{x}R_{0}$
$\mathrm{s}\cdot \mathrm{a}\cdot \mathrm{s}$ .
$A_{i}(\pi)$ $\equiv\{(C, X)$ $\in E(\pi)|$ $u_{i},$ $(c, X)$ $<\xi(x\rangle$ $<u_{i+1^{(_{C},)\}}}X$
$B_{i}\langle\pi)$ $\equiv$ $\{(\mathrm{c}, x) \in E(\pi)| \xi(x) =u_{i}(_{C}, x)\}$






$\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}[r(c, x;\xi(X))]$ , $(\mathrm{c}, x)$ $\in R$ $\cross R_{0}$
Part $\mathrm{s}A_{i}(\pi)$ , $B_{i}(\pi)$ ’
$\mathrm{t}$ constant $\dagger$ ’ ,
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$(*)$ $S(d;\xi;\lambda)$ $A_{i}(\pi)$ , $B_{i}(\pi)$ . $S(d;\xi;\lambda)$
$\in$ SA $(R^{d+1_{\cross}n}R0^{+1})$ $(!)$ .
COROLLARY 8.1. ([B], Prop. A. 6, P. 272) $\Theta$ : $Darrow R^{m}$
:
{ $\mathrm{A})$ $\Theta$ e $\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ .
(B) $o\sim$ $\Gamma(\prime \mathit{0})$ $\subset D\cross R^{m}$ semi-algebraic.
Proof $(\mathrm{A})\Rightarrow(\mathrm{B})$ : $R^{m}\cross R^{m}$ $\Delta$ $\equiv$ $\{(y, y)| y \in R^{m}\}$
$(\sim o\cross 1)m-1_{\langle\Delta})$ $=$ $\{(x, y) \in D\mathrm{x}R^{m}| y =(_{X})\}$ $=\Gamma(o\sim)$
. $\Theta$ $\mathrm{e}\mathrm{f}$ fective , $\Delta\in$ SA $(R^{m_{\cross R^{m}}})$
$\Gamma(o\sim)$ $\in$ SA ( $D\cross Rm_{)}$




$n$ $m$ $\mathrm{t}$ $n$ $\mathrm{t}$
. $\pi$ : $\cdot R\mathrm{x}R\mathrm{x}R$ $arrow R\mathrm{x}R$ , $n(x, y, z)$ $=$ $(X, Z)$
$(\Theta\cross 1_{m})-1_{(S)}$ $=\pi[(\Gamma(\sim \mathit{0})\cross R)\iota \mathrm{n}(R^{n_{\mathrm{X}}}S)]$
. $\text{ }$ Tarski (THEOREM 1.A)
$(\Theta\cross 1_{m})^{-1}(S)$ $\in$ SA $(R^{n_{\mathrm{X}R}\iota})$
$\Theta$ $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ . Cl
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